The goal of this paper is to theoretically investigate the origin of the standing wave-like perturbation observed on the vortex rings falling through another liquid. We simplified the Navier-Stokes equation based on observational evidence from related research, and showed that there exists a steady-state velocity field with the required wave-like characteristics. For better visualization we also plotted the velocity field.
Introduction:
Some liquids are known to form vortex rings when dropped into other liquids having suitable properties [1, 3] . For example they are seen to form when drops of ink are released into still water(see Fig. 1 ). The breakup of the ring into self-similar structures [1] is preceded by a wavelike perturbation which is observed to form throughout the vortex ring at almost the same time. The top and side views of these perturbed rings are shown below, The drop to vortex ring formation was first observed and studied by J.J Thomson and H.F Newall [1] .They investigated the dependence of the formation of vortex rings from drops, on various factors like interfacial surface tension between the two liquids, the ratio of η d (which is a measure of the Reynolds number for the falling vortex ring) and initial impact speed [1] . For our purposes, we assume the drop to have been released just below the surface of the water with very low initial velocity. High velocity tends to introduce high circulation in the initial drop, which leads to the breakup of the ring/drop structure(it may diffuse before forming a well-defined toroidal shape) [1, 3, 5] .
According to the paper by Baumann N. et al. [3] , low Reynolds number is a characteristic of the flow of the falling vortex ring. We shall use this crucial observation while simplifying the Navier-Stokes Equation.
We assume that the vortex ring has a well-defined toroidal structure (since there is negligible diffusion of the vortex ring [1] ) and thereby attempt to mathematically model the velocity field of the vortex ring. We apply the Navier-Stokes equation to the volume enclosed by the toroidal surface. Two dimensional plots of the final velocity field, and a three dimensional plot of the perturbation velocity field is provided. The perturbation velocity field is possibly the reason behind the observed standing wave-like pattern on the ring. In the following section, we simplify and solve the Navier-Stokes equation to get the solution representing the falling vortex ring after reaching steady-state.
Mathematical Modelling:
Treating the ring as a compact object falling through a viscous liquid, we conclude that it must reach a terminal falling velocity, after steady-state flow has been established. We use a cylindrical coordinate system (ρ, φ, z), with the origin of coordinates being the geometric centre of the unperturbed toroid, co-moving with the falling vortex ring. Let the vortex ring velocity field after terminal velocity has been attained, be given by Ψ(ρ, φ, z) and the direction of motion(downward) be along the z-axis. Note that, we neglect the energy dissipation once steady-state has been attained. Let = (ρ, φ, z)k denote the velocity perturbation introduced into the vortex ring along the z-axis. The reason behind this directional bias is the acceleration due to gravity vector g pointing along the z-axis.
The Navier-Stokes equation is given as [4] ,
, p being the pressure and d the density of the fluid and ν denotes the kinematic viscosity.
We neglect the ( Ψ · ∇) Ψ (convective) term as the Reynolds number for the flow was observed to be quite less [3] , implying the dominance of viscous forces over inertial forces. Therefore,
We consider ν to be a constant, as all related parameters(like temperature, density of liquid etc.) are constant. Let Φ = Ψ + denote the perturbed velocity field. Since Φ also must satisfy the Stokes equation, we have,
Using eqn. 1 for Ψ and eqn. 2, we now have,
As discussed above, the vortex ring is assumed to have attained a terminal falling velocity. We are looking for stationery state solutions to the Navier-Stokes equation, since any system under the influence of balanced external forces tend to evolve into stationery states. In other words,
But, with respect to the co-moving origin, the original flow field Ψ is time-independent once terminal velocity is achieved(since the energy dissipation is neglected after the ring reaches terminal velocity) This implies that,
Thus, from eqn. 4 , we observe that (ρ, φ, z) is a stationery time-independent perturbation. It follows that ∂ ∂t = 0.
Also, if ∇w = 0, there exists a net external force, which in turn will make the velocity field non-stationary(time-dependant). Therefore, ∇w = 0. Eqn. 3 then simplifies to,
Now, we observe that (ρ, φ, z)k, has no radial or angular component but only a component along the z-axis. The vector Laplacian in cylindrical coordinates is given by [2] ,
Substituting for A above, and noting that ρ = φ = 0, we further simplify eqn. 6 as,
This is the Laplace equation, whose solutions are known as harmonic functions. Given appropriate boundary conditions, we can find the exact three dimensional harmonic solutions on a toroid.
We proceed to look for suitable solutions of the Laplace equation on a toroid of inner radius a and outer radius b, having boundary velocity profiles which are 2π periodic in nature. The most general solution to the Laplace equation can be found by assuming the separability of components in the solution as [2] ,
Solving the equation and separating the components we get,
where n is a positive integral constant and k is a real number. Now, we note an important feature of (ρ, φ, z), due to the continuity equation. Since, ∇ · Φ = 0 and ∇ · Ψ = 0 (the flow being incompressible), we must have ∇ · = 0. This leads to the equation,
However, from eqn. 8 we see that this implies k = 0 in the expression for Z(z). In other words, the perturbation = (ρ, φ)k is independent of z. The remaining differential equation for the R(ρ) term is given by, ρ
whose general solution is,
where i = √ −1. We consider only the real part, and write the final solution as,
where C(a, b) is a combination of the constants, and it depends on at least 2 initial conditions, most possibly the inner and outer radius a and b. n denotes the number of nodes observed on the vortex ring, which we suspect depends on the total energy of the system. Obviously, this is not the general solution, but we shall use this form for further plots.
Results:
The boundary conditions can theoretically be determined by careful observation using precise instruments, and is currently beyond the scope of this paper. We have simply chosen a set of values for the constants(based on trial and error) and have constructed a plot of the solution on a toroid of inner radius a = 0.5 cm and outer radius b = 0.6 cm The following are the three dimensional volume plots of the perturbation velocity field . It is understood that this field is superposed along thek direction on Ψ. The positive and negative values at various points of the plot correspond to the velocity magnitudes at those points, having directionsk and −k respectively. It is not difficult to imagine that the shape of the toroidal ring will be the same (almost) as the one depicted here, as every point inside the toroid develops a new velocity component along z-axis, consequently pushing it upwards or downwards depending on φ.
To give an idea of the perturbed velocity field Φ, we consider the circulation field to be represented by a Lamb-Oseen vortex having constant total circulation Γ and a core vortex radius of 0.01 cm. Our origin for the subsequent plots, is the centre of the circular cross-section of the toroid, and the two dimensional graphs represent the corresponding cross-section plane of the toroid. We assume that after attaining terminal velocity, the dissipation of energy of the system being negligible, the core radius is preserved. The two dimensional velocity field is then given by,
where r c = 0.01cm denotes the core radius. Note that this r is different from the ρ in the equations derived above. For the plot, ρ = 0.55 + r cos θ from simple geometry. Thus, the perturbation field (ρ, φ, z) can be written in terms of (r, θ) for given values of φ. We chose to plot the total velocity field at a node (φ = Note how, in Fig. 6 and Fig. 7 , the velocity field on one side is smaller than the other side. This is due to every point being forced upwards/downwards on superposition of to Ψ. In Fig. 6 , the center of mass of the system(the origin in this case) develops a net upward velocity, as there is greater momentum in the upward direction compared to the downward direction.
Conclusion:
We developed a theoretical model of the perturbed vortex ring, in an attempt to justify the symmetric wave-like patterns observed on it. The angular component, is clearly responsible for the standing wave-like nature of the perturbation.
Experiments may be performed to show that these rings indeed reach a terminal velocity before the observed perturbations set in. For our approximate model to be correct, it is essential for the system to reach a steady-state while falling through the liquid.
We conclude with one last remark on what might happen after the perturbation sets in. This should primarily depend on the total circulation Γ of the vortex ring. Note that the for the perturbation field has a vorticity given by ω = ∇ × . Also, the total circulation due to ω can be calculated as Γ = S ω · ds, where the integral is over the bounding surface of the toroid. Now, if Γ Γ << 1, the perturbation creates a standing wave-like pattern with low amplitude, but should not disintegrate the ring, as the circulation still remains strong enough to maintain a compact structure. In the two dimensional plots shown above, this will lead to all the 3 plots looking similar to each other with slight differences. However, if Γ Γ is close to 1, soon after forming the perturbation, the ring should disintegrate, possibly into new drops(branching off from the antinodes). In the two dimensional plots, we would observe one side of the circular cross-section of the ring to move much faster compared to the other side, thereby de-stabilising the circulation of the vortex ring. Even this claim may be verified with further experiments which can study the relation between unstable or stable vortex rings and the ratio Γ Γ . Qualitatively, the circulation due to should be much smaller than the circulation due to the unperturbed velocity field of the vortex ring, in order to maintain a well-defined toroidal shape.
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